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Abstract 

Let (M, uj) be a compact symplectic 2n- manifold, and g a Riemannian 
metric on AI compatible with lu. For instance, g could be Kahler, with 
Kahler form uu. Consider compact Lagrangian submanifolds L of M. We 
call L Hamiltonian stationary, or H-minimal, if it is a critical point of 
the volume functional Volj, under Hamiltonian deformations, computing 
Volg(I/) using g\L- It is called Hamiltonian stable if in addition the second 
variation of Volj under Hamiltonian deformations is nonnegative. 

Our main result is that if L is a compact, Hamiltonian stationary 
Lagrangian in C" which is Hamiltonian rigid, then for any M,u),g as 
above there exist compact Hamiltonian stationary Lagrangians L' in M 
contained in a small ball about some p £ M and locally modelled on tL 
for small t > 0, identifying M near p with C" near 0. If L is Hamiltonian 
stable, we can take L' to be Hamiltonian stable. 

Applying this to known examples L in C" shows that there exist fami- 
lies of Hamiltonian stable, Hamiltonian stationary Lagrangians diffeomor- 
phic to T", and to (5^ x S"'^)/Z2, and with other topolo gies, m every 
compact symplectic 2n-manifold {M, cj) with compatible metric g. 

1 Introduction 

Let (M, w) be a symplectic manifold of real dimension 2n, and g a Riemannian 
metric on M compatible with oj, and J the associated almost complex structure, 
so that a;(u, w) = g{Jv, w) for vector fields v, w on M. For example, J could 
be an integrable complex structure, g a Kahler metric on {M,J), and ui the 
Kahler form. This paper concerns some special classes of compact Lagrangian 
submanifolds L in {M,uj): 

• We call L Hamiltonian stationary (or H-minimal) if L has stationary 
volume amongst Hamiltonian equivalent Lagrangians L'. The Euler- 
Lagrange equation for Hamiltonian stationary Lagrangians is d*aH = 0, 
where H is the mean curvature vector on L, an the 1-form on L defined 
by ani ) = uj{H, ■), and d* the Hodge dual of the exterior derivative d. 

• If L is Hamiltonian stationary, we call L (Hamiltonian) stable if the second 
variation of volume at L amongst Hamiltonian equivalent Lagrangians L' 
is nonnegative. 
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Now let M be with its Euclidean Kahler structure Joigoii^Oi and L be a 
compact Lagrangian in C" . Then 

• If L is Hamiltonian stationary in C", we call L (Hamiltonian) rigid if all 
infinitesimal Hamiltonian deformations of L as a Hamiltonian stationary 
Lagrangian are induced by the action of the Lie algebra u(7i) ® C" of the 
automorphism group U(n) k C" of (C", Jo,5o)- 

More details are given in ^ Hamiltonian stationary Lagrangians were defined 
and studied by Oh [^110] . in the Kahler case. In ^Oi Th. IV] he proves that for 
ai, . . . , a„ > 0, the torus T^^ in C" given by 

Tau...,a„ = {izi,...,Zn) € C" : \Zj \ = Uj, j = 1 , . . . , Tl} (1) 

is a stable, rigid, Hamiltonian stationary Lagrangian in C". In Example 12.101 
we show that the Lagrangian L„ diffeomorphic to {S^ x 5"^^)/Z2 given by 

in = {(xle*^...,a;„e-):0<s<^, E"=i = 1, (xi, . . . ,x„) e M"}, (2) 

is a stable, rigid, Hamiltonian stationary Lagrangian in C", and Example 12. 121 
gives more examples due to Amarzaya and Ohnita [T]. 

Hamiltonian stationary Lagrangians are interesting as they can be viewed 
as the 'best' representatives of a Hamiltonian isotopy class of Lagrangians, and 
therefore studying Hamiltonian stationary Lagrangians may give us some un- 
derstanding of the family of all Lagrangians (see 33 on this point). Also, for 
compact, nonsingular, graded Lagrangians in a Calabi-Yau manifold, to be 
Hamiltonian stationary is equivalent to being special Lagrangian. Thus, Hamil- 
tonian stationary Lagrangians are a generalization of special Lagrangians. 

The goal of this paper is to prove the following: 

Theorem A. Suppose (M, w) is a compact symplectic 2n-manifold, g a Rieman- 
nian metric on M compatible with uj, and L is a compact, Hamiltonian rigid, 
Hamiltonian stationary Lagrangian in C". Then there exist compact, Hamilto- 
nian stationary Lagrangians L' in M which are diffeomorphic to L, such that 
L' is contained in a small ball about some point p £ M, and identifying M near 
p with C" near in geodesic normal coordinates, L' is a small deformation 
of tL for small t > 0. Lf L is also Hamiltonian stable, we can take L' to be 
Hamiltonian stable. 

Applying Theorem A with L = T"^ or L„ yields: 

Corollary B. Suppose (Af, w) is a compact symplectic 2n-manifold, and g a 
Riemannian metric on M compatible with u. Then there exist stable, Hamil- 
tonian stationary Lagrangians L' in M diffeomorphic to T" and to [S^ x 
5"~^)/Z2, which are locally modelled on tT^_^ in ^ or on tL„ in ^ for 

small t > near some point p G M, identifying M near p with C" near 0. 

We note that a special case of Corollary B has been proved independently 
by Butscher and Corvino using a similar method. They fix ti = 2, suppose 
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(M, J, g) is Kahler, take L = T^^^^^, and also assume a nondegeneracy condition 
on the metric g near the point p which we do not need. One difference between 
our approach and theirs is that they fix the point p € M where they glue in L 
in advance and make assumptions about it, whereas we show we can glue in L 
near p for some unknown point p G M. A different nondegeneracy condition for 
Kahler manifolds of any dimension and L = T"^ is obtained by the second 
author recently [5]. Butscher and Corvino believe that their method can also 
be generalized to higher dimensions. 

Another approach to the construction of Hamiltonian stationary Lagrangians 
in general Kahler and symplectic manifolds is the variational approach intro- 
duced by Schoen and Wolfson [TT] . The idea there is to minimize volume among 
Lagrangian cycles representing a given homology (or homotopy) class to produce 
a minimizer in a class of singular Lagrangian submanifolds. One then hopes to 
study the regularity properties of these minimizing cycles. This minimization 
can be done in general dimensions in the class of Lagrangian integral currents, 
but the regularity theory is still missing in general. For the two dimensional 
problem, one can minimize in the class of surfaces which are images of a fixed 
surface (under W^'"^ maps), and the paper [11] develops the existence and reg- 
ularity theory for this problem. It is shown that such minimizers are smooth 
branched Hamiltonian stationary surfaces outside a finite number of singular 
points at which the possible tangent cones can be described. 

We begin in ^ with some background material from symplectic geometry, 
the definition of Hamiltonian stationary, Hamiltonian stable, and Hamiltonian 
rigid Lagrangians, and examples of stable and rigid Hamiltonian stationary La- 
grangians in C". Given a compact symplectic manifold {M,uj) with compatible 
metric Riemannian g, ^constructs a smooth family of Darboux coordinate sys- 
tems Tp,^ : M for each p e M such that the metric T*^^{g) on C C" 
is close to Euclidean metric go on B^ in C'^ for all fc ^ 0, uniformly in p e M. 

Section |4] sets up the notation for the proof of Theorem A, recasting it as 
solving one of a family of fourth-order nonlinear elliptic p.d.e.s Pp^^[f) = on 
L' , for small t > and (p, w) in the U(n)-frame bundle U of M, where for 
small t, / the equation Pp^{f ) = approximates a fourth-order linear elliptic 
equation Cf — 0. Section [5] proves that we can solve this equation mod Ker£ 
for all (p, v) in U, and there is a unique solution ^ which is L^-orthogonal 
to Ker£ and small in C^'^. Section [S] shows that -Pp,„(/p_„) = if and only if 
{p, v) is a stationary point of a smooth function on the compact manifold 
U, and deduces Theorem A. Finally, SJ7] speculates on the possibility of defining 
invariants 'counting' Hamiltonian stationary Lagrangians in a fixed Hamiltonian 
isotopy class in (M, w). 

Acknowledgements: Much progress on this project was made while Yng-lng 
visited Dominic in Oxford in July 2008. Yng-lng and Dominic would like to 
thank the Mathematical Institute, Oxford University, and the Taida Institute 
for Mathematical Sciences, National Taiwan University, for support which made 
this visit possible. Yng-lng also thanks Yoshihiro Ohnita for telling her of his 
work with Amarzaya [T] on examples of stable and rigid Hamiltonian stationary 
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Lagrangians in C". 

2 Background material 

2.1 Background from symplectic geometry 

We start by recalling some elementary symplectic geometry, which can be found 
in McDufF and Salamon [7]. Here are the basic definitions. 

Definition 2.1. Let M be a smooth manifold of even dimension 2n. A closed 
2-form uj on M is called a symplectic form if the 2n-form w" is nonzero at every 
point of M. Then (Af, w) is called a symplectic manifold. A submanifold L in 
M is called Lagrangian if dimi ~ n — ^ dim ill and uj\]^ = 0. 

The simplest example of a symplectic manifold is C" . 

Example 2.2. Let C" have complex coordinates (zi, . . . , z„), where Zj = xj + 
iyj with i = Define the standard Euclidean metric go, symplectic form 

luq, and complex structure Jo on C" by 

'^0 = 5 d^^i ^ = dxj A dyj, and (3) 

^0 = E;=i (»dz, 4 - *dz, ® J-) = E;=i {dx, ® ^ - dy, ® gf-) , 

noting that dzj — dxj + idyj and — — *^~)- Then (C",cjo) is a 

symplectic manifold, and 50 is a Kahler metric on (C^", J) with Kahler form 
ujQ. For e > 0, write for the open ball of radius e about in C". 

Darboux' Theorem Th. 3.15] says that every symplectic manifold is locally 
isomorphic to (C",ajo)- 

Theorem 2.3. Let (A/, w) be a symplectic 2n-manifold and p £ M . Then there 
exist e > and an embedding T : ^ M with T(0) = p such that T*(w) = wq, 
where is the standard symplectic form on C" D B^ . 

Let L be a real n-manifold. Then its tangent bundle T* L has a canonical 
symplectic form u), defined as follows. Let (xi, . . . ,x„) be local coordinates on 
L. Extend them to local coordinates (xi, . . . , a;„, yi, . . . , ?/„) on T*L such that 
{xi, . . . ,yn) represents the 1-form yidxi + • • • + yndxn in T^^^ ^ ^L. Then 
ill — dxi A dyi + • • • + dxn A dy„. Identify L with the zero section in T*L. Then 
L is a Lagrangian submanifold of {T*L,Cj). The Lagrangian Neighbourhood 
Theorem Th. 3.33] shows that any compact Lagrangian submanifold L in a 
symplectic manifold looks locally like the zero section in T*L. 

Theorem 2.4. Let {M,uj) be a symplectic manifold and L G M a compact 
Lagrangian submanifold. Then there exists an open tubular neighbourhood T of 
the zero section L in T* L, and an embedding ^ : T ^ M with $|l = id : L — > i 
and — uj, where Co is the canonical symplectic structure on T*L. 
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We shall call T, $ a Lagrangian neighbourhood of L. Such neighbourhoods 
are useful for parametrizing nearby Lagrangian submanifolds of M. Suppose 
that L is a Lagrangian submanifold of M which is C^-close to L. Then L 
lies in $(T), and is the image $(rQ) of the graph Ta of a unique C^-small 
1-form a on L. As L is Lagrangian and $*(w) = d) we see that wlr^ = 0. But 
(2)|r„ — — 7r*(dQ;), where tt : Fq — >■ L is the natural projection. Hence da = 0, 
and a is a closed 1-form. This establishes a 1-1 correspondence between C^- 
small closed 1-forms on L and Lagrangian submanifolds L close to L in M. 

Let (M, u>) be a compact symplectic manifold and : Af — >■ K. a smooth func- 
tion. The Hamiltonian vector field vp of F is the unique vector field satisfying 
vp ■ = dF. The Lie derivative satisfies C^pUj = vp ■ duj + d{vF • w) = 0, 
so the trajectory oi vp gives a 1-parameter family of symplectomorphisms 
Exp(swf) : M -> M for s G R, called the Hamiltonian flow of F. If L is a 
compact Lagrangian in M then Eixp{svp)L is also a compact Lagrangian in M. 

Two compact Lagrangians L, L' in (Af , uj) are called Hamiltonian equivalent 
if there exist Lagrangians L ^ Lq, . . . , Lk ^ L' and functions Fi, . . . , Fk on 
with = 'Exp{vp.)Lj^i for = 1, . . . , fc. In the situation of Theorem 12.41 
a Lagrangian L which is close to L is Hamiltonian equivalent to L if it 
corresponds to the graph Fd/ of an exact 1-form d/ on L. 

2.2 The volume functional on Lagrangians 

Now let (Af, ui) be a symplectic manifold and g a Riemannian metric on M 
compatible with ui. For a compact Lagrangian L in Af, write Volg(L) for the 
volume of L, computed using the induced Riemannian metric h = g\L. The 
volume functional is Volg : L i— > Volg(L), regarded as a functional on the infinite- 
dimensional manifold of all compact Lagrangians in (Af, w). 

Definition 2.5. A compact Lagrangian submanifold L in M is called Hamilto- 
nian stationary^ or H-minimal, if it is a critical point of the volume functional 
on its Hamiltonian equivalence class of Lagrangians. That is, L is Hamiltonian 
stationary if 



for all smooth F : ^ R. By Oh [10, Th. I], who attributes the result to 
Weinstein, (jlj is equivalent to the Euler-Lagrange equation 



where H is the mean curvature vector of L, and an = {H ■iS)\L is the associated 
1-form on L, and d* is the Hodge dual of the exterior derivative d on L, computed 
using the metric h — g\L. Oh assumed that Af is a Kahler manifold in his paper. 
However, the proof for ([5]) also works when Af is a symplectic manifold with 
a compatible metric. Explicitly, if {xi, . . . ,Xn) are local coordinates on L and 
h = hab dxadxb, a — aadxa, we have 




(4) 



d*aH = 0, 



(5) 



dh' 



dxb 




(In det{hcd))- 



(6) 
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Here we use the convention that repeated indices stand for a summation when- 
ever there is no confusion. 

Definition 2.6. FoUowing Oh [9l Def. 2.5], a compact Hamihonian stationary 
Lagrangian L in M is called Hamiltonian stable, or just stable, if the second 
variation of Volg is nonnegative for all Hamiltonian variations of L, that is, if 

^Yo\g{Exp{svF)L)\^^^^0 (7) 

for all smooth F : Af — J- R. A geometric expression for the left hand side 
of ([7]) is computed by Oh 10, §3] when M is a Kahler manifold. Define a 
tensor S — Sjkidxjdxkdxi on L by S{u,v,w) = ( J(i3(u, w)), w) for all vector 
fields u,v,w on L, where B is the second fundamental form of L in M, so that 
B{u,v) is a normal vector field to L in M and J{B{u,v)) is a vector field on 
L. Then S is symmetric by ^01 Lem. 3.1]. Let F : M — )• K be smooth and 
/ = F\l. Then Oh [TOl Th. 3.4] proves: 

^Volg(Exp(si;F)L)|^^Q=y ((AHd/,d/) -Ric(Jd/,Jd/) (8) 

~2{df®df®aH,S) + {df,aHf)dV, 

where Ah = dd* + d*d is the Hodge Laplacian, and Ric is the Ricci curvature 
of g on M. 

By a similar computation, one can derive the second variation formula of 
volume for Hamiltonian deformation at a Lagrangian L (not necessarily Hamil- 
tonian stationary) in a Kahler manifold. From this expression, one can write 
down the linearized operator of —d*aH- More precisely, given a smooth function 
/ on L, we extend it to a smooth function F on M and consider Lg = F,xp(svp)L 
whose mean curvature vector is denoted by H^. Then we have 

- JH{JH{f)), 

which is a fourth-order linear elliptic operator from C°°{L) to C°°{L). Here 
A/ = d*d/ is the Hodge Laplacian on functions, and the normal vector Ric^(u) 
for a normal vector v is characterized by Ric(w, w) ~ (Ric^(u), w) for any normal 
vector w. 

When M is just a symplectic manifold with a compatible metric, the second 
variation formula of volume and the linearized operator C do not have such nice 
expressions. However, since we will work on small balls in Darboux coordinates, 
the linearized operator C aX L will be very close to the corresponding linearized 
operator at L in C". This is made more precise in Proposition l4.1l The estimate 
is good enough to pursue our argument and prove the theorems. The expression 
([HI for £ at a Lagrangian in a Kahler manifold is helpful in understanding the 
general symplectic picture. 

When L is a compact Hamiltonian stationary Lagrangian in a Kahler man- 
ifold, we have 

i,Yo\,{EMsvF)L)\^^^ = {CfJ) (10) 
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Thus L is Hamiltonian stable if and only if the eigenvalues of £ are all nonneg- 
ative. The interpretation of the kernel Ker£ will be important below. From 
PI7|) we can see that if / e C°°{L) and v is the normal vector field to L in 
M with a^j = df, then v is an infinitesimal Hamiltonian deformation of L as a 
Hamiltonian stationary Lagrangian, if and only if Cf ~ 0. 

Now suppose that (M, J,g) is a Calahi-Yau n-fold. Then we can choose a 
holomorphic (n, 0)-form SI on M with Vf2 = 0, normalized so that 

w'Vn! = (-l)"("-i)/2(i/2)"f7 A n. 

If L is an oriented Lagrangian in M, then S1|l = e^^AVg^, where dVg^ is the 
volume form of L defined using the metric gj^ and the orientation, and e'^ : 
L — > U(l) = {z G C : |z| = 1} is the phase function of L. We call L special 
Lagrangian if it has constant phase. 

In the Calabi-Yau case, the picture above simplifies in two ways. Firstly, 
as g is Ricci-fiat, the Ricci curvature terms in ([8|) and (|9]) are zero. Secondly, 
the 1-form an associated to the mean curvature H oi L is given by an = —d9. 
(This does not imply that an is exact, as 9 maps L — >■ R/27rZ rather than 
L M.) Thus, the condition ([S]) that L be Hamiltonian stationary becomes 
d*d9 = 0, that is, the phase function e*^ : L — U(l) is harmonic as a map into 
U(l) = R/27rZ, though it is not harmonic as a map into C. 

If e** lifts continuously to 9 : L 'R, that is, if L is graded, and also L is 
compact, then the maximum principle implies that 9 is constant, so L is special 
Lagrangian. Hence, any compact, graded, Hamiltonian stationary Lagrangian 
in a Calabi-Yau n-fold is special Lagrangian. Also, e'^ lifts continuously to 
6* : L ^ R if and only if -[an] = [d9] = in H^{L;M.). 

2.3 Rigid Hamiltonian stationary Lagrangians in C" 

We now discuss Lagrangians in C", with go,LOo,Jo as in Example 12.21 This is 
Calabi-Yau, so as in H2.21 a compact Hamiltonian stationary Lagrangian L in C" 
is special Lagrangian ii —[an] — [d9] = in H^{L; R). But there are no compact 
special Lagrangians L in C" for n > 0, as a (co)homological calculation shows 
that Volgp (L) ~ 0. Hence any immersed, compact, Hamiltonian stationary 
Lagrangian L in C" has [d9] ^ in i?i(L;R), so that H^{L;R) ^ 0. This 
constrains the possible topologies of Hamiltonian stationary Lagrangians in C". 
We define some notation. 

Definition 2.7. The Lie group U(n) ix C" acts on C" preserving go,ujo, Jq. For 
X in the Lie algebra u(n) ® C" , write for the vector field on C" induced by 
the action of U(n) k C" on C", and let /i^^ : C" — >■ M be a moment map for Vx, 
that is, dfix — Vx ■ ^jJ- Each such moment map is a real quadratic polynomial 
on C" whose homogeneous quadratic part is of type (1, 1). Define Wn to be the 
vector space of such moment maps, that is, elements Q of Wn are of the form 

Q(zi, . . . , z„) = a + J2]Li{bjZj + bj^j) + Ej- fc=i CjkZjZk 
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for a S K and bj,Cjk G C with Cjk = Ckj- Then dim W„ = + 2n + 1, which 
is dini(u(n) © C") + 1, since as moment maps are unique up to the addition of 
constants we have = u(n) © C". 

Lemma 2.8. Let L be a compact Hamiltonian stationary Lagrangian in C", 
and C : C°°{L) -> C°°(i) be as m ®. Then 

{QIl : g e VK„} C Ker£. (11) 

// also L is connected then dimlQI^ : Q G Wn] = n'^ + 2n + 1 — dimG, where 
G is the Lie subgroup of U(n) K C" preserving L. 

Proof. As in H2.21 we have / e Ker £ if and only if d/ is the 1-form associated 
to an infinitesimal Hamiltonian deformation of L as a Hamiltonian stationary 
Lagrangian. If x lies in u{n) C" with vector field Vx and moment map fix then 
Vx is the Hamiltonian vector field of fix, so fiow by Vx induces a Hamiltonian 
deformation of L. Since the action of U(n) ix C" takes Hamiltonian stationary 
Lagrangians to Hamiltonian stationary Lagrangians, Vx\l is an infinitesimal 
Hamiltonian deformation of L as a Hamiltonian stationary Lagrangian. The 
associated 1-form on L is dfixlh- So fix\L hes in Ker£. As every Q £ Wn is a 
moment map fix for some x e u(n) © C", equation PT|) follows. 

For the second part, we have dim{Q|i : Q e Wn} = dimW„ — dimjQ S 
Wn '■ Q\l = 0}, where dimW„ — + 2n + 1. Let g be the Lie algebra of 
G, and let a; S g and fix be a moment map for x. Then Vx\l is tangent to L, 
as X preserves L, so d{fix\L) — Vx ■ = as L is Lagrangian. Since L is 

connected this implies that fix\L is constant, and there is a unique choice of 
moment map fix for x such that fixlh = 0. This yields an isomorphism between 
Q and {Q S W„ : Q\l = 0}, so dim{Q G W„ : Q\l = 0} = dimg = dimG, and 
the lemma follows. □ 

The following definition is new, as far as the authors know. 

Definition 2.9. Let i be a compact, Hamiltonian stationary Lagrangian in 
C". We call L Hamiltonian rigid, or just rigid, if equality holds in (jlip . That 
is, L is Hamiltonian rigid if all infinitesimal Hamiltonian deformations of L as 
a Hamiltonian stationary Lagrangian in C" come from the action of u(n) © C". 
By Lemma 12. 8[ L is Hamiltonian rigid if dim Ker C = + 2n + l- dim G. 

Note that any Hamiltonian rigid L must be connected, since otherwise we 
could apply different elements of u(n) © C" to different connected components 
of L to prove equality does not hold in ((TT|) . It seems likely that in some sense, 
most compact, connected, Hamiltonian stationary Lagrangians in C" are rigid, 
since in generic situations one expects the kernels of elliptic operators to be as 
small as possible, given any geometric constraints on index, etc. 

We now give examples of stable, rigid, Hamiltonian stationary Lagrangians 
in C". In the first, for completeness, we give a full proof of rigidity and stability. 

Example 2.10. Define a submanifold L„ in C" by 

Ln = {(xle*^ . . . , Xnc^') ■.Q<s<Ti, J2]=i = 1, (xi, . . . , a;„) e M"}, 
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which is difFeomorphic to {S^ x 5"'~^)/Z2 by identifying (s, x) and (s + tt, —x) 
in iS^ X Lee and Wang [6] prove that L„ is a Hamiltonian stationary 

Lagrangian and its mean curvature vector satisfies H = —nF, where F is the 
position vector. Moreover, the induced metric on L„ computed there is a prod- 
uct metric. More precisely, assume that {vj}^~^ is a local orthonormal basis 

for and vq = (a;i, . . . ,Xn), then cq = ^ = ic^^vq — JF and ej = e'^Uj, 

j = l,...,n— 1, will form a local orthonormal basis for L„. We will prove that 
Ln is Hamiltonian stable and rigid. 

The linearized operator ([9]) for L„ in C" and / e C°°(Ln) has the form 

Cf = - 2d*aB(jH,v/) - JH{JH(f)). 

Note that Ji? = — nep = —n-^ and 

{B{e.„ej),H) = -n{B{et, Cj), F) = nSij. 

Hence 

{B{JH,Vf),Jej) = -(i?(e„ V/),i/) = -n(ej, V/> - ~ne,(/), 
that is, B{JH,\/ f) = —nJS/f and aB{jH.vf) — ndf. Therefore, we have 

Cf^A'f~2nAf-n^^. (12) 

We can lift a function on L„ to 5^ x 5""^ and consider / as a Z2-invariant 
function on x S"~^ instead. Since the induced metric is a product metric, the 
products of eigenfunctions on and eigenfunctions on S"^^ respectively form 
a complete basis for functions on x 5"^^. That is, / — J2k i '^ki cosks(pi + 
bki sinks ipi, where a^-i and b^i are constants, fc is a nonnegative integer, and 
(fii is an eigenfunction of the Laplacian on 5""^ with eigenvalue A;. Since the 
eigenfunctions of the Laplacian on S"~^ are homogenous polynomials in R", 
and / is Z2-invariant, the sum of k and the degree deg ipi of ipi must be even. 

From (jl2p . it follows that cos ks ipi and sin ks (pi are eigenfunctions for C and 
form a complete basis. To study Ker£, we only need to check these functions. 
Rewrite as Cf = (A — n)^/ + "-^(— ^ — !)/• Suppose cos ks ipi or sin ks ipi 
is in Ker>C. It follows that 

{k^ + Xi - nf + n^ik"^ - 1) ^ 0, 

which implies k ^ I. When fc = 1 , we must have Xi — n — 1 and thus deg ipi is 
1. These solutions and their combinations come from the restriction functions 
on Ln of elements in Wn with the form X]j=i ^j^j + ^j^j in Definition 12.71 
When fc = 0, we must have A; (A; — 2n) = and thus A; = or A; = 2n. 
Hence deg (pi = or 2. These solutions and their combinations come from the 
restriction functions of elements in Wn with the form a + fe=i '^jfc^j^fc in 
Definition 12.71 This completes the proof that L„ is Hamiltonian rigid. 
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Now we show that L„ is Hamiltonian stable. From PH)) . this is equivalent 
to the eigenvalues for £ all being nonnegative. The eigenfunctions for L are 
cosks(pi and sinks ipi with eigenvalue (A:^ + A/ — n)^ + ■n?{k'^ — 1), which is 
nonnegative for fc ^ 1. It is also nonnegative when fc = and deg (pi = 
or deg (fi > 1. The case k = and deg (pi = 1 does not occur as it is not 
Z2-invariant. Therefore, L„ is Hamiltonian stable. 

Example 2.11. Let oi, . . . , a„ > 0. Define a torus T"^ in C" by 

K,...,a„ = {(^1, . . . e C" : \z,\ = a„ j^l,...,n}. (13) 

Then Oh [TUl Th. IV] proves that T^^ is a Hamiltonian stationary La- 
grangian, and is stable and rigid. He also remarks that two tori T^^ 
and T", ^, are not Hamiltonian isotopic to one another if (ai,...,a„) 
(a']^, . . . , a^) (this needs caution: if permutation of oi , . . . , a„ , 

then r^, ^, is Hamiltonian isotopic to T^^ , but after a diffeomorphism of 
not isotopic to the identity), and conjectures that the T"^ are globally 
volume-minimizing under Hamiltonian deformations. 

Example 2.12. Amarzaya and Ohnita study Lagrangians with parallel second 
fundamental form in [T] . These examples must be Hamiltonian stationary since 
their mean curvature vectors are parallel. They prove in the paper that the 
following irreducible symmetric R-spaces are Hamiltonian stable and rigid: 

(i) Q2,p+i(K) ^ (51 X 5P+2)/Z2 C CP+^ for p^l; 

(ii) U(p) C C^' for p ^ 2; 

(iii) U(p)/0(p) C C^^^ for p > 3; 

(iv) U(2p)/Sp(p) C C^'-^P-^^ for p ^ 3; and 

(v) T ■ {Ee/Fi) C C^'. 

We refer to [T] for the details of these examples. Example 12.101 is the same as 
Q2,p+i(^) in (i), but their proof of stability and rigidity is different to ours. 

3 Darboux coordinates with estimates 

3.1 Families of Darboux coordinate systems for all p G M 

We will need the following notation. 

Definition 3.1. Let {M,uj) be a symplectic 2n-manifold, and g a Riemannian 
metric on M compatible with w. Then at each point p € M the structures wjp, 
g\p on TpM are isomorphic to ujQ,go on C", where uJo,go are as in ([3]). The 
linear automorphism group of (C" , wcffo) is the unitary group U(n). 

Write U for the U(n) frame bundle of M, with projection tt : [/ — ^ M. That 
is, points of U are pairs (p, v) with p € M and v : C" — >■ TpM an isomorphism 
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of real vector spaces with v*{uj\p) — wq, and v*{g\p) — go, and tt : {p,v) H> p. 
Then U(n) acts freely on the right on [/ by 7 : {p, v) i->- {p,v o 7) for 7 e U(n) 
and (p, 1;) e U. The orbits of U(n) in U are fibres of tt, and tt : [/ ^ M is a 
principal \J{n)-bundle. Thus [/ is a real manifold of dimension + 2n, which 
is compact if M is compact. 

We now show that for compact M we can choose Darboux coordinate systems 
as in Theorem 12.31 for all {p,v) € U, smoothly and U(n)-equivariantly in {p,v). 

Proposition 3.2. Let {M,uj) he a compact symplectic 2n-manifold, g a Rie- 
mannian metric on M compatible with uj, and U the U(n) frame bundle of M . 
Then for small e > Q we can choose a family of emheddings Tp ,j : ^ M 
depending smoothly on (p, v) G U, where is the ball of radius e about in 
C", such that for all {p,v) ^ U we have: 

(i) Tp^i,(0) — p and dT^^i, |o — v : C" TpM; 

(ii) Tp^„07 = Tp^^j o 7 for all 7 G U(n); 

(iii) T*^„(a;) = = 5 Yl'j=i d-Zj A dzj; and 

(iv) t;, J5) - .90 + 0(1^1) ^ Id^^l' + 

Proof. Let e' > 0, and for each {p,v) e U define Tp : B^i -> M by Tp ,j = 
expp ov\b^, , where v\b^, ■ -Be' — >■ TpM and expp : TpM — t' M is geodesic normal 
coordinates at p using g. Then Tp ^ is a difFeomorphism near € B^i and p € M, 
so as M, U are compact, if we take e' > small enough Tp .^^ is an embedding 
for all {p, v) e U. It is immediate that Tp is smooth in p, v, and Tp ^,(0) = p, 
dTfpt,|o = V, and T'^^^^ ee T^ ^07 for all 7 e U(n). Also (T^^)*(w)|o = and 
(Tf;,J*(ff)lo = 50, so by Taylor's Theorem we have (T;, ^ loo + 0(|z|) 

and (Tp = go + Thus the e' and Tp^^ satisfy all the proposition 

except (iii), which is replaced by {T'p^^)*{uj) = wq + 0(|2;|). 

We shall use Moser's method for proving Darboux' Theorem in [8] to modify 
the Tp ^, to Tp ij with T*^^{uj) — wq, preserving the other properties (i),(ii),(iv). 
Define closed 2-forms ^, on B^i for {p, v) £ U and s G [0, 1] by Wp_^ = 
{l-s)oJo + s{T'p^^)*{uj). AswqIo = (T^ ,,)*(a;)|o, we have cj^ ,,|o = wo, so is 
symplectic near in B^i. Since [0, 1] x C/ is compact, by making e' > smaller 
we can suppose is symplectic on B^i for all s € [0, 1] and {p, v) G U. 

As luq, (Tp „)*(a;) are closed, we can choose a family of 1-forms (^p^^, on B^', 
smooth in p,v, such that d^p^u = cjq — (T^ j^)*(w). Since wqIo = (Tp^)*(a;)|o, 
we can choose the Cp.u to satisfy \Cp,v\ = 0(|2;p). We also choose the family (p^^j 
to be U(n)-equivariant, in the sense that Cp,uo7 = 7|b ,{Cp.v) for all 7 S U(n), 
noting that 7 : C" — > C" restricts to 7|b , : B^' -> B^>. To do this, we first 
choose ^p ^ not necessarily U(n)-equivariant, and then take Cp i, to be the average 
of h-'nCp,.oy) over 7 e U(n). 

Now let Wp^^ be the unique vector field on B^> with Vp^^ ■ ujp ,^ — Cp.v, which 
is well-defined as Wp ^ is symplectic, and varies smoothly in s,p, v. Then d{Vp ^ ■ 
u;;^J =oJo- (T;,;)*(c.). As |Cp,.| = Oi\z\^) we have \v;j = Oi\z\^). For 



11 



< e ^ e' we construct a family of embeddings ipp^^ : ^ Bf> with (pp ^, = id : 
Be i?e C by solving the o.d.e. ^fp^i, = Vp^^ o (fp^j- By compactness of 
[0, 1] X U, this is possible provided e > is small enough. Then (fp^i,)* {i^p,i,) = 
ujQ for all s, so that {^1 v)* {{Tp ^)* (uj)) ~ ljq- Also, as \vp ^\ = Odzp) we see 
that ¥^^^^(0) = and df^pjo = id : C" ^ C" for aU s e [0, 1]. And the U(n)- 
equivariance of the Cp,v implies U(n)-equivariance of the Wp^,, which in turn 
implies that (Pp^^joj — 1^^ ° ^p,v ° 7 for ^ € [0, 1], (p, v) e U and 7 e U(n). 

Define Tp^^ = ^ o (pp^. Then Tp_„ depends smoothly on p,v. Part (i) 
holds as </5p^(0) = 0, d(^p^|o = id, Tp ,^(0) = p and dTp^jo = v. Part (ii) holds 
by U(n)-equivariance of the Tp^, and ifip^^jo-y — ° fp^v ° 7 fo^' (P: v) G U 
and 7 G U(n). Part (iii) follows from (</5p i,)* ((T^ = wq, and (iv) from 

ipl^iO) = 0, dv5;,,Jo = id, and (T;^J*(g) = go + 0(1^1). □ 

Remark 3.3. When {M,J,g) is a Kahler manifold with Kahler form w, by 
applying the same argument to holomorphic normal coordinates, we can obtain 
the better approximation T* ,^{uj) — ujq — ^ X]J=i d-Zj A Azj and 

T;,„(g) = E;=i Id^.f + \ Re(%ferb)^'^'dzMz') + 0{\z\^). 

3.2 Dilations, and uniform estimates of t"^(Tp ^ o 

We continue to use the notation of §3.11 and Proposition 13.21 Let i? > be 
given. For < t ^ R~^e, consider the dilation map t : En mapping 
t : {zi, . . . , Zn) H> {tzi, . . . , tzn). Then Tp ,j o t is an embedding Bn — M, so 
we can consider the pullbacks (Tp,^ o t)*(uj), (Tp o t)*{g). Since t*{ujQ) — I^loq 
and t*{go) = t'^go, Proposition 13.2^ 111) . fiv) give 

(Tp^, oty{Lu)=t^ ujo and (Tp,, o = i^^o + (14) 

where the power = ■ t in 0(t'^|2;|) combines the fact that t*{dzidzj) = 
t'^dzidzj, that is, tensors of type (0,2) scale by <^ under t*, and regarding \z\ as 
a function on C" we have t*{\z\) = t\z\. Multiplying ([14]) by t^^ gives 

i"^(Tp,„ot)*(a;) =wo and t-^{Tp^^ o t)* (g) = ga + 0{t\z\) on Br. (15) 

Define a Riemannian metric on Br by 5*^^ = i^^(Tp^„ o t)*{g). This 
depends smoothly on t G (0,i?~^e] and {p,v) £ [/, and satisfies g*^^ = 50 + 
0(t|2|) by ([T5|). Since g is compatible with w, t~^(Tp^tj o t)*{g) is compatible 
with t~^(Tp^„ o t)*{u!), and thus 5* ^ is compatible with the fixed symplectic 
form Wo on Br for all t,p, v. We prove uniform estimates on these metrics 

Proposition 3.4. There exist positive constants Cq,Ci,C2, ■ ■ ■ such that for 
all t £ (0, ^i?~^e] and {p,v) G U, the metric 3* ,^ — t^^{Tp^i, ot)*{g) on Br 
satisfies the estimates 

H,v - goWco ^ Cot and ||a'=5*,J|co < Cfct'^ for k = 1,2, ... , (16) 

where norms are taken w.r.t. go, and d is the Levi-Civita connection of go- 
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Proof. We will prove by first estimating the metrics T* ^{g) for all {p, v) S 
U. As -Be is noncompact, we cannot do this on the whole of B^, since T* ^^(5) 
might have bad behaviour approaching the boundary of B^, forcing norms to 
be unbounded. Instead, write -Be/2 for the closure of i?e/2 in B^. Then -Be/2 is 
compact. For each fixed {p,v) S U, Proposition 13 . 2r iv) implies that there exists 
C > with \T* ,^{g) — go\ ^ C\z\ on -Be/2, where | . | is taken using go- Since U 
is compact, we can choose C > such that this holds for all {p, v) G U. Now let 
t £ (0, ^R~^e]. Then t{Bji) C -Be/2 C -Be/2. By the proof of the second equation 
of p5)) . |T* — go| ^ C!\z\ on -Be/2 implies that j^*^^ — go\ ^ Ci|2;| < C-Rf on 
Bji, as |z| < -R on Bji. Setting Co = C-R proves the first equation of 

Fix fc = 1, 2, . . ., and consider \d''T*^^{g){z)\. This is a continuous function 
of (p, v) & U and z e -Be/2, so as U, -Be/2 are compact there exists Ck > with 
IS'^T; < Cfc for all (p, u) G [/ and 2 e -Be/2. Now let t € (0, ^ii^^e] and 

z G -Bfl. Then an easy scaling argument shows that |9'^(i~^(Tp^t;of)*(g))(2;)| = 
t''\d''T^^^{g){tz)\. As G -Be/2 C -Be/2 we have ja'^T; „(g)(t2)| Ck, and the 
second equation of (fT6|) follows. □ 

The proposition implies that by taking t sufficiently small, we can make 17* ^ 
arbitrarily close to go on B^i uniformly for all {p, v) G U, in the C'^ norm for 
any fc ^ 0, and hence also in the Holder C'^''^ norm for any k ^ and 7 G (0, 1). 

4 Setting up the problem 

In ^j3]-fjn]we will prove Theorem A. This section will set up a lot of notation, and 
formulate a family of fourth-order nonlinear elliptic partial differential operators 
Pp* : C°°(L) ^ C°°(L) depending on (p, v) e U and small t > 0, such that C^- 
small / G C°°{L) correspond to Lagrangians L*'{, in -M, and Lp{, is Hamiltonian 
stationary when Pp_^(/) = 0. 

Section [5] will show that for sufficiently small, fixed t > and all {p,v) G U 
we can find a family of functions fp^j G C°°[L) with Pp^^if^^^) G Ker£ and 
/p-y _L Ker£, which are unique for ||/p^„||c''T (the Holder C'^'^ norm) small, 
and depend smoothly on (p, v) G U. Finally, ^ shows that the smooth map 

-.U ^ Ker£ defined by -ff* : {p,v) ^ Pp,v{fp,v) can be interpreted in terms 
of the exact 1-form d-RT* on U, where K* : U — R is defined by K^{p,v) = 

Volg(-L* with Lp ^j = L*^^^-^ . Thus, if {p,v) is a critical point of -fC* then 
L' = Lp ^ is Hamiltonian stationary, as we want. 

Let L be a nonempty, compact, rigid, Hamiltonian stationary Lagrangian 
in C". Then L is connected as in Let G be the subgroup of U(n) k C" 

preserving L. Then G is compact, as L is compact, so it is a Lie subgroup of 
U(?T.) K C", which acts on L. As G is compact it must fix a point in C", the 
centre of gravity of L. Translating L in C" if necessary, we suppose G fixes 
in C", so that G C U(n). 

By the Lagrangian Neighbourhood Theorem, Theorem l2.4[ we can choose an 
open tubular neighbourhood T of the zero section L in T*L, and an embedding 
4> : T — >• C" with $|l = id : -L ^ -L and ^*{ujq) — lu, where uj is the canonical 
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symplectic structure on T*L. Making T smaller if necessary, we suppose T is 
of the form 

T^{{p,a):peL,aeT;L,\a\<6} (17) 

for some small S > 0, where |q;| is computed using the metric go\L- The action 
of G on L induces an action of G on T*L, and as goU is G-invariant, T is 
G-invariant. We suppose $ is chosen to be equivariant under the actions of G 
on T and C"; this can be done following the proof of the dilation-equivariant 
Lagrangian Neighbourhood Theorem in [3l Th. 4.3]. 

Fix i? > such that L C ^(T) C Br C . Now let / e G°°(L) with 
||d/||co < S. Define the graph Td/ of d/ in T*L to be Td/ = {(qAflq) -qeL}. 
Then Fd/ is an embedded Fagrangian submanifold of T*L diffeomorphic to L. 
As ||d/||co < S we have |d/|g| < 6 for all q e L, and Fd/ C T. Hence $(Fd/) is 
a submanifold of $(T) C i?/;, C C" diffeomorphic to L. Since Fd/ is Fagrangian 
in (T,a)) and $*(a;o) = u), we see that $(Fd/) is Fagrangian in {Br^ujo)- 

Suppose (M, Lo) is a compact symplectic 2n-manifold, and g a Riemannian 
metric on M compatible with ui. Define U as in Definition 13.11 and e > 0, 
Tp,„ : M for {p,v) G J7 as in Proposition O For < t < R~^e and 

(p, v) e U , define metrics ^ on Br as in !j3.2l 

Fet < t < \R^^e- For each / e C°°{L) with ||d/||co < (5, define L*'{, = 
Tp ^, o i o <l>(Fd/). Then Lp'{, is an embedded submanifold of M diffeomorphic to 
L, and as $(Fd/) is Fagrangian in {Br,ujo) and (Tp_„ o t)*{u}) = t'^ojQ by (HH), 
we see that Lp'(, is Fagrangian in {M,uj). Define a functional 

Fp%:{/eG°°(L):||d/||co<<5}^M by F^, J/) = t^" Vol^ (L*;{) . (18) 
We have 

^;^,.(/) = i""Vol,(L*;{)==t-"Vol(T,,„ot).(,)(<i>(rd/))=Vol,* J<i>(rd/)), (19) 

since g^ ^j = t~^{Tp^i, o t)*{g) and dimL — n. Proposition 13.41 shows that ,j 
approximates go when t is small. Thus (1191) implies that 

^p%(/)«Vol,„($(Fd/)) (20) 

for small t>0, where the right hand side is independent of t,p,v. 

Observe that for fixed t,p,v and varying /, the Fagrangians L^{, in (M, w) 
are all Hamiltonian equivalent, and furthermore, for any fixed / the for /' 
close to / in C°°{L) realize all Hamiltonian equivalent Fagrangians close to ivp'{,. 
This parametrization of Fagrangians Lp'{, by functions / is degenerate, since 
= ip.C''''^ for c e M. We can make it a local isomorphism by restricting to 
/ € C°°[L) with /dVg^ij^ = 0. Anyway, is Hamiltonian stationary in M 
if and only if / is a critical point of the functional ^, and Lp'{, is Hamiltonian 
stable if in addition the second variation of Fp .^j at / is nonnegative. 

From (fTO)) we see that 

FpAf) - I /y,. J, = /($/)*(dK,. J ). (21) 
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Here in the first step S'p,,j|*(rd/) is the restriction of the metric g* ,j on Br to the 
submanifold $(rd/), and dV^t ^1^^^,^^^ is the induced volume form on $(rd/). 
Now $(rd/) is the difFeomorphic image of L under the map $/ : g i— )■ $(g,d/|q). 
In the second step of (PTI) . we pull back the volume form by $/ and do the 
integration on L. 

At each q £ L, the integrand (^/)*(dVgt ^i^^^^^ J in ([2T|) is a positive mul- 
tiple of the volume form dV^^i^^ of the metric go I l on L at q, and this multiple 
depends only on t,p, v, q, d/|g and Vd/|g, where V is the Levi-Civita connection 
of goli- This is because the tangent space to $(rd/) at <^{q, Af\q) depends only 
on g, d/lg, Vd/lq, and the volume form depends on this tangent space and on 
^, which depends on v. Thus we may write 

FlM)^ j^Gl,{qAfU,^df\,)AVg,\,. (22) 

Here G* ^ maps 

: {((Z,a,/3) : <z e L, a e T;L, \a\ <S,I3g S^T^L} M, (23) 

where the condition \a\ < S is because we restrict to / with ||d/||co < S so that 
Td/ C T, and we take /3 G S^T*L C ®'^T*L because the second derivative Vd/ 
is a symmetric tensor. Clearly, ^{q,a, 0) is a smooth, nonlinear function of its 
arguments q, a, (3, and also depends smoothly on i G (0, ^R^^e] and {p, v) e U. 

From above, is Hamiltonian stationary in M if and only if / is a critical 
point of the functional F^^. Applying the Euler-Lagrange method to (|22|) . we 
see that is Hamiltonian stationary in M if and only if ^{f) = 0, where 

Pi. ■■ {/ e C-(i) : ||d/||co < <5} ^ G-(i) (24) 

is defined by 

PUf)il) = d* iii^GlJiq, d/|„ Vd/y) 

+ d*(V*((^G*,J(g,d/|„Vd/|,))). ^ 

Here we consider Gp^(g,a,/3) as a function of q £ L and a G T*L and 
/3 e S^T*L, so that ^Gp ^^, ^Gp^ are the partial derivatives of Gp^ in the 
a,/3 directions. Having defined these partial derivatives, we then set a = d/|g, 
/3 = Vd/I, and regard (|^G^, J(g, d/|„ Vd/|,), (^G^, J(g, d/|„ Vd/|,) as 
tensor fields on L depending on q £ L, and we apply d* and d* o V* to them 
to get functions on L. The first term on the right hand side of (|25p involves 
three derivatives of /, and the second term four derivatives. Hence Pp ,^ is a 
fourth-order nonlinear partial operator, which is in fact quasilinear and elliptic 
at / for all t G (0, ^R'^e] and / e G°°(i) with ||d/|lco < 5. 

As for HID, define 

Fo:{/eG°°(L):||d/||co<^}^K by Fo{f )= Yo\g,{<^ {T^f)) . (26) 
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The proof of shows that we may write 

Foif)^ f Go(-z,d/|,,Vd/|,)dFg„i,, (27) 

Jq£L 

where Go is a smooth nonhnear map 

Go: {iq,a,/3) -.qe L,ae T^L, \a\ <S,/3e S^T^L] 
As for (IMll-dlSl), define 

Po : {/eC°°(L) : ||d/||co <<5} ^C°°(L) by 
Po(/)(g) = d*((£Go)(g,d/|„Vd/|,)) 

+ d*(V*((^Go)(g,d/|„Vd/|,))) 

Then ([20|) says that Fp^{f) w Foif) for small t. A similar proof shows that 
Gp^^{q,a,l3) w Go{q,a,l3) and Pp,^{f) « -Po(/) for smaU i. In fact, the dif- 
ference between P*^^ and Po depends only on the difference between 5* and 
go, and on finitely many derivatives of this. Therefore, from Proposition 13.41 we 
deduce: 

Proposition 4.1. Let any fc ^ 0, 7 G (0, 1), and small C > and ( > be 
given. Then if t > is sufficiently small, for all f G G'^'^'^''' (L) with \\df\\(jo ^ 
i(5 and ||Vd/||co ^ G, and all {p,v) £ U we have 

\\Pp,M) - Po{f)\\c^-, ^ C and ||£*_J/)-/:(/)||c.-,. <CII/llc^-+4.., (30) 

where Cp .^J denotes the linearization of P^ ^ at 0. That is, by taking t small 
we can suppose P^ ^ and its linearization at are arbitrarily close to Po and 
its linearization at as operators G'^^'^''' (L) — > G'^'^iL) (on their respective 
domains) uniformly in {p,v) G U. 

We impose the conditions ||d/||co ^ and HVd/Hco ^ C so that we 
restrict to a compact subset of the domains of G* ^ , Go in (f23| , (f28| , and then 
we use Proposition 13.41 to bound the difference between G^ ^ and Gq in G'^^^'^ 
on this compact subset. 

Finally, we note that Po{f) = is the Euler-Lagrange equation for station- 
ary points of the functional Fo{f)- Thus, Po{f) = if and only if $(rd/) is 
Hamiltonian stationary in C". But when / = 0, ^(ro) = L which is Hamilto- 
nian stationary in C", by assumption. Hence Po(0) = 0. Also, as in §2.21 the 
linearization of Pq at / = is £ in ([9|). 

5 Solving the family of p.d.e.s mod Ker£ 

Our ultimate goal is to show that there exists /p „ £ G°°{L) with P^ ^{f* „) = 
for all small t > and some {p, v) G U depending on t. As an intermediate 
step we will show that we can solve the equation Pp^v{fp,v) = in.od Ker£ for 
all small t > and all {p, v) G U, and the solution is unique provided fp .^, is 
orthogonal to Ker£ and small in G^'^. 
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Theorem 5.1. In the situation of 21 suppose < t ^ is sufficiently 

small and fixed. Then for all {p,v) G U, there exists fp^(z C'°°{L) satisfying 

PpJfp,v)^^eTC and f^^^^KeiC, (31) 

where fp^l. Ker>C means /* ^ is -orthogonal to Ker£. Furthermore f^^ is 
the unique solution of ()31|) with Wfp^Wc'^--' small, and f^^ depends smoothly 
on (p, v) £U . 

Proof. Let Xi denote the Banach space of functions / G C'^'^{L) which are 
orthogonal to Ker£, and let X2 denote the Banach subspace of C'^-''{L) consist- 
ing of functions which are orthogonal to Ker£. The starting point of the proof 
is the observation that the operator /! is a bounded linear isomorphism from 
Xi to X2 with bounded inverse. This follows directly from the self-adjointness 
and ellipticity of C. We let 11 denote orthogonal projection from L^{L) to the 
orthogonal complement of Ker £. We will show that for t sufficiently small and 
for all {p, w) e [/ there is a unique small solution /*^^ e Xi of noPp^^(/*^^) — 0, 
which depends smoothly on {t,p, v). 

The first step is to show that there are to 1^0 > sufficiently small so that 
for aU t e (0, to) and for all {p, v) ^ U there is a unique solution ,j e Bra (0) of 

Pp,-u{fp,v) = 0- To accomplish this we consider the smooth map F — WoP^^^ 
from a neighbourhood of the origin in Xi to X2. The derivative of F at is 
n o £* ^, and by Proposition 14.11 this is close in the operator norm to £ for t 
sufficiently small, and therefore is a linear isomorphism with bounded inverse 
(note that 11 o£ — £). The standard contraction mapping argument for proving 
the Inverse Function Theorem implies that the map F is a diffeomorphism from 
a ball of radius rg centered at in Xi onto a domain containing the ball of 
radius Aro about F(0), where A = (2||F'(0)^^||)~^, and the radius tq can be 
estimated below in terms of the norm of -F'(O)^^ and the modulus of continuity 
of F' . This result may be found in 4, §VI.l]. Thus by the first inequality of 
((30l) with / = (note that i-b(O) = 0), there is a to sufficiently small so that 
lies in the ball of radius Aro centered at F{Q) for t e (0,to)- This gives us a 
unique smaU solution f^ .^ of Ho Pp^^{fp ^j) = 0, as claimed. 

The next step is to show that the solutions fp ^ depend smoothly on the 
parameters {t,p, v). We will do this by using the Implicit Function Theorem (see 
[H §VI.2]). Precisely, we consider the smooth map G from (0, to)xUx Brg (0) to 
X2 given by G{t,p, v, f) = IVoP^^^[f). We need to analyze the set G{t,p, v, /) = 
0, and we observe that the derivative in the / variable is a linear isomorphism 
with bounded inverse. Thus the Implicit Function Theorem implies that this 
zero set is a smooth graph {t,p,v) — )■ /^^^ in a neighbourhood of any chosen 
point (s, (7, ui, /| J of the zero set. 

Finally it follows from elliptic regularity theory that the solutions /* ^ are 
actually in C°°{L). This is because they are C^'^ solutions of the quasilinear 
elliptic equation Pp^{f) — k, where k g Ker£ is a smooth function, and we 
may improve the regularity by using linear elliptic estimates in a standard way. 
This completes the proof. □ 
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Note that nothing in 331-^5] uses the assumption that L is Hamiltonian rigid, 
only that it is Hamihonian stationary. So Theorem 15 . 1 1 holds for general Hamil- 
tonian stationary L in C". We will use Hamiltonian rigidity in ^ 

6 Completing the proof of Theorem A 

We work in the situation of ^-[JSl Let i > be sufficiently small and fixed, and 
fp,v e C°°(i) for {p,v) e [/ be as in Theorem O Define L* ^ = L*'{^.- for 
{p, v) e U. Define a smooth function : J7 ^ R by K\p, v) = i"" Volg(L* „). 
Define a smooth map H* : U ^ Ker£ by : {p, v) i-^ Pp.vifp.v)- We will show 
that we can express iJ* in terms of the exact 1-form d/C* on U. 

Recall that G is the Lie subgroup of U(n) preserving L, and that ?7 is a 
principal U(n)-bundle over M, so that \J{n) and hence G act on U. Also the 
operator £ of ([5]) is equivariant under the action of G on i, since G preserves 
all the geometric data used to define £, so the action of G on G°°{L) restricts 
to an action of G on Ker£. 

Lemma 6.1. For all {p,v) € U and 7 e G w;e have = f^^o^ as maps 

L — > R. The function : U ^ is G -invariant, and the function : U — > 
Ker>C is G- equivariant, under the natural actions of G on U and Ker£. 

Proof Let {p, u) e [/, 7 e G and / G C°°{L). Then 

FpAfoi-') - t-" Vol,(L*;{°^") = t-" Vol,(T,,, o t o $(rd(/„^-i))) 

= t-" Voig(Tp,, o i o 7 o $(rd/)) = t-" Voi<,(Tp,, 070^0 $(rd/)) 

= t-"Volg(Tp,,o^oto$(rd/)) =t-"Vol,(i*;{„^) = (32) 

using ()18p in the first and seventh steps, the definition of in the second and 
sixth, G-equivariance of $ in the third, that 7 and the dilation t commute in 
the fourth, and ProDOsition l3.2f ii') in the fifth. Since ^ is the Euler-Lagrange 
variation of Fp ,^^ we deduce that 

i^p%(/°7"') = (i^p%o^(/))°7~'- (33) 

Applying ^ to / = fp^^oj, since Pp^^o-y{fp,vo^) € Ker£ which is G- 
invariant, we see that -Pp^„ (/p^„o7 ° 7~^) S KeriZ. Also fp^^o-y -L Ker£, so 
/p,uo7°7^^ _L Ker£, by G-invariance of Ker£ and the L^-inner product. Hence 
both fp jj and fp^i,oj°l^^ satisfy (PT|) . so by uniqueness in Theorem lS.ll we have 
fp,v = fp,vo-f ° 7"\ which proves f^ .^^^ = f^ .^ o 7 as we want. 

Substituting / = into ^ and using = f*^^^^ o 7-1 now gives 

K\p,v) = t-" Vol,(4'5-) = FlMU = Fp,.o^ifl.o,) - K\p,voj), 

so X* is G- invariant. Equivariance of iJ* follows from = fp^ o j and 

equation (pS)) . □ 
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Let {p, v) e U, and consider the tangent space Tf^p^^^U . Now i7 is a principal 
U(n)-bundle over M , and the metric g induces a natural connection on this 
principal bundle, so we have a splitting Tf^p^^^U = © Hp, where Vp,Hp are 
the vertical and horizontal subspaces. The projection tt : C/ — M induces d7r|p : 
T{p^v)U — >■ TpM which has kernel Vp and induces an isomorphism Hp — )• TpM. 
Also Vp is the tangent space to the fibre of tt over p, which is a free orbit of 
U(n). Thus the U(n)-action induces an isomorphism u(n) = Vp. But v is an 
isomorphism C" — >■ TpM , so we have isomorphisms Hp = TpM = C". Putting 
these together gives a natural isomorphism Ti^p^^-^U = u(n)®C", where u(n)©C" 
is the Lie algebra of the symmetry group U{n) k C" of C". 

The 1-form dK* on U lies in T^p^^^U ^ (u(n) ® C")* at (p,u) G U. As iiT* 
is G- invariant, dif * contracts to zero with the vector fields of the Lie algebra g 
of G. Hence under the identification T*^ ^^U = (u(n) © C")*, diir*|(p_^) lies in 
the annihilator g° of g in (u(7i) © C")*. Thus, we can regard dK* as a smooth 
function U ^ Q° . 

Now consider the function H^ : U Ker C defined by 77* : (p, u) 
Ppvifp v)- From (p5)) we see that Pp ^j{fp ^) is of the form d*r/ for some 1-form 
T] on L. Hence Pp%(/*, J dFg„|^ = (l,d*r,)i2 = (dl,r/>i2 0. Therefore ff* 
maps [/ to the subspace {/ S Ker£ : /dVg„|^ = 0} in Kcr£. Since Ker£ 
contains the constants, this subspace has codimension 1 in Ker£. 

We now for the first time use the assumption that L is Hamiltonian rigid. 
By definition, equality holds in (jlip . so Lemma 12.81 implies that dim Ker £ = 

+ 2n + 1 — dim G. Therefore 

dim{/ e Kei C : J^fdVg„\, =0}=n^ + 2n- dimG 

= dim(u(n) © C") - dim g = dim 9°. 

We will construct an isomorphism V'* : {/ G Ker£ : f 'i^golL ^ ^} ^ 0°' 
which explains Define a linear map ^* : u(n) © C" — >■ {/ G Ker£ : 

Ji^f^ygolL — ^} by • 2; fJ.x °t\L, where t acts by dilations on C", and 
fix ■ C" — )• M is the unique moment map for the vector field Vx associated 
with X G u(n) © C" with J^{fJ.x ° t) dVgg\j^ = 0. Since G C U(n), it commutes 
with the dilation t, and as G is the subgroup of U(n) k C" fixing L, it is also 
the subgroup of U(n) k C" fixing tL. Hence Ker^* is the Lie algebra g of 
G. As L is Hamiltonian rigid, ^* is surjective. Using the L^-inner product to 
identify {/ G Ker£ : J^fdVg^\^ = 0} with its dual, define V* : {/ G Ker/: : 
J^fdVg^l^ = 0} ^ (u(n) © C")* to be the dual map of C*- Then V* maps to 
g°, as Ker^* = g, and is injective, as ^* is surjective. Equation thus implies 
that V'* is an isomorphism. 

Proposition 6.2. Regard dX* as a smooth function [/ -> g°, and i?* as a 

smooth function C/ — > {/ G Kcr>C : /dV^„|^ ~ '^jj '^■^ above. Then for small 
t and all {p,v) G U there is an isomorphism ^ ; {/ G Ker>C : /^/dV^pij^ = 
0} — > g° SMc/i t/iai dif*|(p ^j) = '^p ^ o H*{p,v). Furthermore „ approximates 
V'* : {/ G Ker£ : /dV^oi^^ = O} ~^ 0° above, and depends smoothly on p,v. 
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Proof. For all {p,v) e U, define i* „ : L -J> M by = '^p^voto^{q,df* Jg). 

Then tp,^ is a Lagrangian embedding with Lp^j{L) = Lp ,^. By construction, 
with t fixed, the family of Lagrangians Lp^{L) for {p,v) are all Hamiltonian 
equivalent. Let {p,v) £ U and x e T(^p ,ij-^U. Consider the derivative of the 
family of maps tp, ^, : L — M for (p' , v') € C/ in direction x at (p', v') = (p, u) 

in U. This gives 9x4,1; S C°°((tp^)*(rM)), that is, 9a;4,i; is a section of the 
vector bundle (t*_„)*(TM) ^ L. 

Since the family ^ : L — > M for (p, v) € U are Hamiltonian equivalent 
Lagrangian embeddings, S^t* „ is a Hamiltonian variation of Lp^{L). Hence 
(Sj^tp,^ • tj)|,,t_^(i) is an exact 1-form on t*,t;(^)' ^.nd ' ^^"^ 

exact 1-form on L. Since L is connected, as in i j2.31 there is a unique function 
hl^{x) e with /i/i^,,(x)dT/<,„|^ = such that (4,,)*(5,4^, ■ tu) = 

d{hp^^{x)). This ft,* depends linearly on a; € T(^p^v)U, so we have defined a 
linear map hp^^ : T^^p^^^U — C°°(L). 

By construction, if 7 e G then ip^^o^iL) = ip^^{L) as submanifolds of M, 
although the actual parametrizations tp^^^.^, t* may differ. It follows under the 
identification Ti^p^^-jU = u(n) ® C", if x lies in the Lie subalgebra q of u(n) © C", 
then hp ,^;{x) = 0, since dxip^^, is an infinitesimal reparametrization of a fixed 
Lagrangian t* in M. 

We have 

(di^*|(p,,)) • X = a^t-" voig(Tp,„ o i o $(rd^. J)] 

by definition of iC*, and using the fact that Pp^XI) is the Euler-Lagrange vari- 
ation of / H> i"" Volg(Tp,„ o t o $(rd/^^)), so that for h € C°°{L) we have 

£ Vol,(Tp,„ o t o $(rd(/+,,)))] l^^g = (ft, 

Define a linear map ^-^^ : {/ € Ker £ : / AVg^^\^ = 0} ^ (u(n) C") * by 

%Jf):x^{hl,{x),f)L2 (36) 

for / e Ker/! with /dV^^i^ = and a; G u(n) ® C", using the identification 
Ti^p,v)U = u(n) ® C". From above, if a; e g then ft* = 0, so ^'p_„(/)|g = 0, 
and e 0°. Thus is a linear map {/ G Ker/: : ji^fAVg^\^ = 

0} 0°. Equations and H\p,v) = Pp^Sifp.v) imply that dii'*|(p^„) = 

"^p^v ° H^{P^'^)^ as we want. Clearly vE'p ,^ depends smoothly on p,v. 

It remains to show that ^ is an isomorphism, with '^p^K.ij/'. We claim 
that for small t and all (p, w) G t/ we have 

h'p^^{x)^e ■dx[fl^]+e{x) (37) 

in C°°{L), where dx[fpv] is the derivative of the function {p,v) f*^ in 
direction a; G T(^p.v)U at (p, w) G ?7. To see this, note that hp^^{x) measures the 
variation of the family of Hamiltonian equivalent Lagrangians (p, v) ^-> Tp ,j o 
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t o ^{T^ft ^) in direction x in Ti^p^^-^U. By the chain and product rules, we can 
write this variation as the sum of two contributions: (a) that due to varying 
/p ,j as a function of (p, v) in direction x, with Tp_„ fixed; and (b) that due to 
varying Tp^^ as a function of (p, v) in direction x, with ^ fixed. 

The contributions of type (a) are ■ dx [/p • This is because if we fix 
Tp ,j and vary /p ^ in direction x in the Lagrangian Tp^^ o t o <^{T^ft ^), then 
Fd ft ^ in (T, cj) changes by a Hamihonian variation from the function dx [/p ; 
so $(rd/t^) in {Bf!^,ujo) changes by a Hamiltonian variation from as 
$*(cjo) = w; so i o <i>(r(j^t ) in (BtR,ujQ) changes by a Hamiltonian variation 
from ■ dx [/p,u] , since t*(wo) = -"^o; so Tp_^ oto^{Tdft J in (M, w) changes 
by a Hamiltonian variation from ■ dx [fp^v] i '^p,vi'^) — ^o- 

To understand the contributions of type (b), consider the smooth family of 
embeddings Tp^^ : ^ M for {p,v) S U. The derivative dx'^p,v m direction 
X £ T(^p^jj)U at {p, v) in [/ is a section of the vector bundle T* ^^(TM) — > But 
dTp^i, : TJSj — )• T*_^(TM) is an isomorphism, so (dTp_^)~^(9a;Tp^„) is a vector 
field on _Bg. Since Tp^^{u}) = uq for {p,v) e [/, and is simply-connected, 
this is a Hamiltonian vector field on {B^, ujo), so there exists a smooth function 
Np^ : Be — M, unique up to addition of constants, such that {dTp^v)~^{dxTp^ij)- 
ujQ = dTVp „ in 1-forms on B^. Following the definitions through shows that the 
contributions of type (b), from varying Tp ,j with f* ^ fixed, are 

q^N^^^oto^q,dfpJg)+C, (38) 

for q G L, where c G M is such that (p8|) integrates to zero over L. 

Now Proposition I3.2r i) says that Tp_„(0) = p and dTp^„|o — v. It follows 
that near in B^, the vector field (dTp^„)~^(9a;Tp_„) on i?^ approximates the 
u(n) ® C" vector field Vx on C" corresponding to x under the identification 
T(p_^)C/ ^ u(n) © C", and thus iV^„ w near in C", where : C" ^ M 
is a moment map for Vx, and is unique up to the addition of constants. Since 
t o $(g,d/pj,|g) lies in BtR, for small t we see that (|38|) approximates g i— > 
Hx o t o $(q, d/p^l^) + c. Also, the proof of Theorem 15.11 shows that when 
t is small ||/pi,||c* T is small, so we can approximate /p ^ by zero, and psp 
approximates fj,x o t o id^. The definition of ^* above now implies that psp 
approximates ^*{x), which proves ([571) . 

Since J*^^ ± Ker C for aU (p, w) G C/, it follows that _L Ker£. Thus, 

substituting ((37)) into ([36)) and noting that / G Ker£ shows that 

for small i, for all / G Ker£ with /dVgp|^ = and x G u(n) © C". Since 
ip^ is the dual map to using the inner product to identify {/ G Ker£ : 
Ji^fdVgg\^ = O} with its dual, it follows that "^p^^ ~ '0* ior small t. But V'* 
is an isomorphism, which is an open condition, so 4'p ^ is also an isomorphism 
for small t. By compactness of U, for small enough t these hold uniformly for 
ah (p, v)eU. □ 
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We can now complete the proof of Theorem A. As ^ is an isomorphism, 
dK*\(p,v) = o H\p, v) imphes that diir*|(p,„) = if and only if Pp%(/p^„) = 
H*{p,v) — 0. But is a Hamiltonian stationary Lagrangian in {M,lu) if 
and only if P* = 0. Hence for small t, Lp ^ is a Hamiltonian stationary 

Lagrangian if and only if {p, v) is a stationary point of if* : C/ — >■ M. But t7 is a 
compact manifold without boundary and K* is a smooth function, so must 
have at least one stationary point {p, v) in U. Then L' — i* ^, satisfies the first 
part of Theorem A. 

For the second part, suppose also that L is Hamiltonian stable. Take (p, v) 
to be a local minimum of on U, which must exist as U is compact. Then L' = 
Lp ^ is Hamiltonian stationary, as above. We claim that L' is also Hamiltonian 
stable. To see this, for / £ C°°{L) and small s € M write 

Vol,(Tp,„oto$(rd/*„+.d/))=Vol,(Tp,„oio<i>(rd/*,J)+s2Q*,„(/) + 0(|sn, 

where the homogeneous quadratic form Qp ^ : C°° [L) — R is the second varia- 
tion of Volg at L'. We must show that Q{f) ^ for all / e C°°(L). 

Divide Hamiltonian variations of L' into two kinds: (i) those coming from 
functions / € {Kei C)^ , that is, / e C°°(L) with / _L Ker£; and (ii) those 
coming from the family of Lagrangians L^, ^, in (M, w), for (p', v') in U close to 
{p,v). The vector space of functions / € C°°{L) corresponding to Hamiltonian 
variations of type (ii) turns out to be W*^^ — {hp^^{x) : x £ T^^p^^^U} ® (1), for 
/i^ „ as in the proof of Proposition [Ol We have C°°{L) = (Ker£)^ © W^^. 

For Hamiltonian variations of type (i), the second variation of the volume 
functional Volg at Lp ^ approximates the second variation of the volume func- 
tional Volgo at tL in C" on functions / e (KGr£)^, or equivalently, the second 
variation of t" • Volgo at L in C" on functions / e (KGr£)^. Using this we can 
show that 

QlM)=t"{.fXf)L-+0{t^\\f\\l2) forah/G (Ker£)-L, (39) 

for some 7 > n. As the second variation of Volg,, at L is nonnegative, C is 
a nonnegative fourth-order linear elliptic operator on a compact manifold L. 
Using this we can show that there exists A > such that {f,Cf)L^ ^ -^11/11^2 

for all / e (Ker£)^. Thus the term £/)^2 in (P^l dominates the term 
^i^^WfW^?) ^'^^ small i, as 7 > n. Hence the second variation of Volg on 
variations of type (i) is positive definite, for small t. 

For variations of type (ii) , the second variation of Volg is the second variation 
of the function {p',v') ^ Volg(L^,^^,) = t" ■ K\p' ,v') at (p,u). But (p, u) is a 
local minimum of at (p, v), so this second variation is nonnegative. Therefore 

QlM) > fo'' all / e w^p%. 

A general variation / may be written uniquely as / = /i + /2 for /i S 
(KeriZ)-'- of type (i) and /2 € Wp^, of type (ii). We claim that Qp_^{f) = 
Ql,vifi) + Qp,„(/2), that is, the bilinear terms in /i /a in (3*^„(/i + /2) 
are zero. This holds because the definition of the family of Lagrangians Lp, ^, 
with PL ^/(/p/ ^/) € Ker£ means that the volume of L*, ^, is stationary under 
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Hamiltonian variations coming from /i G (Ker£)-'- not just at the single point 
{p,v), but for all ip',v') € U. That is, if /i e (Ker C)-^ then 

^ [Vol,(T,,.,otocf>(r,/.^ 1^^^ = 0. 

Differentiating this identity at {p' , v') — (p, v) in the direction in T^p -^^U induced 
by the Hamiltonian variation /2 € „ implies that the fi<E)f2 term in Qp + 
/2) is zero. Therefore Q'^Jf) = Q*i;„(/i) + Q*,,(/2) > 0, since Q^Mi) > 
and Qp^{f2) ^ 0. So L' is Hamiltonian stable. This completes the proof. 

7 Conclusions 

We finish with a question about the family of Hamiltonian stationary La- 
grangians L' in a fixed Hamiltonian isotopy class HI in a compact symplectic 
manifold (M, w). Although in f|4l"illwe dealt with a family of Lagrangians ^ 
parametrized by {p, v) S U, as the whole construction is G-equivariant we can 
think of this family of Lagrangians as parametrized by {p,v)G in U/G. The 
G-invariant function : f7 — > R descends to Kq : f7/G — > R. In Sj6]we proved 
that Lp ^ is a Hamiltonian stationary Lagrangian if and only if {p,v)G is a 
stationary point of Kq on the compact manifold U /G. 

Suppose the only Hamiltonian stationary Lagrangians L' in this Hamiltonian 
isotopy class HI are of the form L^^^. Then we would have identified the family 
of Hamiltonian stationary Lagrangians L' in HI, which is the critical locus of 
a real function on an infinite-dimensional, noncompact manifold HI, with the 
critical locus of a real function on a finite-dimensional, compact manifold U/G. 

This is suggestive. There are several important areas in geometry, deal- 
ing either with counting invariants such as Donaldson, Gromov-Witten, or 
Donaldson-Thomas invariants, or with Floer homology theories, for which the 
original motivation comes from considering some infinite-dimensional, noncom- 
pact moduli space A4 of connections or submanifolds, and then treating M. as 
if it were a finite-dimensional compact manifold. 

If y is a compact manifold and / : y — >■ R is a Morse function, then the 
number of critical points of /, counted with signs, is x(^)i ^'^d using the gradient 
flow lines of / between critical points one can construct the (Morse) homology 
-ff*(y;R). The invariants and homology theories mentioned above work by 
counting critical points or gradient flow lines of a functional F : — ?> R on 
an infinite-dimensional, noncompact manifold Ai; the answers turn out to be 
independent of most of the geometric choices in the definition of F, even though 
M is neither finite-dimensional nor compact. This motivates the following: 

Question 7.1. Let {M,uj) he a compact symplectic manifold, g a Riemannian 
metric on M compatible with lo, and HI a Hamiltonian isotopy class of compact 
Lagrangians L in {M,uj). Write Vol^ : HI — ?> R for the volume functional. 

Can one define some invariant I (HI) € Z which 'counts' (with multiplic- 
ity and sign) Hamiltonian stationary Lagrangians L in HI, that is, stationary 
points of Volg, and gives an answer independent of the choice of g? 
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Can one define some kind of Floer homology theory HF^ {T~LI) by studying 
the gradient flow of Volg between critical points, whose Euler characteristic is 
li^X), and which is independent of g up to canonical isomorphism? 

In the case of Theorem A, since the family of Hamiltonian stationary La- 
grangians L' we have constructed corresponds to the critical points of a func- 
tion iiT* : [//G — T' M, we would expect the answers I {HI) — x{U/G) and 
HF^ini) = H^{U/G] R). Since U/G is a fibre bundle over M with fibre U(n)/G 
wehave x{U/G) = x(U(n)/G)x(M). If i is T^"^^..._„^ in 1^ with ai, . . . , a„ > 
distinct, then G is the maximal torus T" in U(n), and x(U(ri)/G) — n\, so we 
expect I {HI) = nlx{M). 
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